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SQUARE ROOT TRANSFORM FOR THE ANALYSIS OF
QUANTUM FLUCTUATIONS IN SPECTRUM DATA

T. INOUYE

Tushibu Research and Development Center, Tokyve Shibawra Electric Co., Ltd., Kawasaki 210, Japan

Statistical fluctuatons of pulse height distributions are analyzed
from a view-point of noise climination. The square root trans-
form of the spectrum data that provides an additive charac-
teristic 10 the relationship between the signal and the noise

1. Introduction

Count rate measurements of irradiating particles are
always affected by the statistical properties of quantum
fluctuations. Statistically, it is almost impossible to
expect a true spectrum without any fluctuating com-
ponent because of the quantum characteristic of the
counting rates that distribute around the average ac-
cording to the probability law. To eliminate this com-
ponent ol disturbance in the observed data, the tech-
nique of spectrum smoothing is often used. Many
methods have been proposed to carry out this opera-
tion, such as the filtering in the Fourier transformed
space'). folding certain functions on the original distri-
bution?), etc. Except for the method of the least
square fitting of a pattern of the peak distribution?).
these methods make use of the equivalent mathe-
matical principle of multiplying a proper filter function
in the Fourier transformed space. Details of choosing
the filter function for the Fourier transform method
are discussed in the author’s previous literature'). This
technique is often used and well proven in the field of
the communication theory, and provides a powerful
tool in the spectrum data analysis. However, a detailed
analysis of this technique can reveal the difference be-
tween the statistical properties of fluctuations that
appear in the transmission of the usual communication
message and in the quantum fluctuations of the counting
rates of the spectrum data. In the former case, the noise
component is additive to the signal. In the latter case.
on the contrary, the additive relation of the pure noise
to the signal component is not stated.

This paper analyzes the structure of this kind of
quantum fluctuation and proposes a simple transforma-
tion of spectrum data by which the additive properties
are approximately satisfied. With this transformation,
the noise is separately expressed from the signal com-
ponent. so that the usual technique of fltering to
decrease higher frequency component. where the fluc-
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component is proposed for effective filtering of the data.
Numerical simulations of this technigue show that smoothing
of the spectrum data is more effectively carried out by this
transformation.

tuating component is dominant, is much more effective
than the direct method. Some numerical simulations
are also shown to demonstrate the effect of the trans-
formation.

2. Theory

For simplicity, a one-dimensional problem is ana-
lyzed and the output distribution of the pulse height
analyzer is considered. The probability P(m,..;) that
the count rate at the ith channel of the pulse height
analyzer is found to be m; is expressed by using the
Poisson distribution,

Plmg ) = exp(—4;) A mL. (1

The parameter 7, is related to the average and the
variance of this probability distribution, i.e.:

¥

> omP(mA) =24 (2)

mi=0

1 (= 22)* P(my, 2) = 4. (3)
e
It is quite natural to regard the average distribution Z;
as the signal component and the fluctuating component
n; as a displacement from the average. as follows:

ny=m;— A (4)
Then, egs. (2) and (3) are expressed by
=0, (5)
and
=k (6)

where the sign () indicates the average with fixed
channel number i. Therefore. the variance of the
fluctuating component has a dependence on the signal
component at the ith channel and the component of the
signal still remains in the thus defined component of
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fluctuations. This gives a quite different characteristic
to the quantum fluctuations from the noises in a com-
mon conception where the invariant properties of the
probability distribution of the noise are usually
satisfied and the noise is simply additive to the signal
component. Eg. (6) is changed into the following

expression:
n; \? i
A .

This formula gives a hint that the following square root
transform of m, may show a simple relationship be-
tween the signal and the fluctuation:

™

ri=v/m =/ +m). )

To determine the average and the variance of this
distribution of r,, eq. (8) is expanded as follows:

y tn, 1\ 1(m 3
"= \;(;.,.)[1 *33, " g(,—) N E(T)
5 i\t
‘@(z) +] (9)

For the Poisson distribution, the following third and
fourth moments of the fluctuating component are
casily calculated:

(10)
(11)

By using these relationships and egs. (5) and (6), it is
possible to calculate the average and the variance of r;,
as follows:

3 2
n; =3 +4.

P
5 34+1
158 7 +i| (12)
A_ A e L, 31
V[r]=ri=(r) _1+3§) +oes (13)

Therefore, if discussions are limited within the first
order of the expansion in eqs. (12) and (13), with the
square root transform, a fluctuating component around
the average expressed by 4/Z; can be defined and, for
this component, the variance is approximately in-
dependent of channel number i. With this transforma-
tion, therefore, the observed count rates are expressed
as

ri=/A +6; (14)
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then, we can regard+/2; as the signal and d; as one sort
of noise distribution. For this noise component, the
following relationships hold:

5= 007*). (15)

(16)

Therefore, with these properties. the noise component
defined by the distribution of §; is approximately
additive to the signal component//; as eq. (14) shows.
This is the case in the noise component discussed in
the communication theory.

It may be of interest to know how the square root
transform changes the ratio of the signal to the noise.
Inthe direct expression the power ratio of the fluctuating
component to the signal is obtained from egs. (4) and
(6) as

8 =3+6(4").

n2fA2 = 1[4

(17)
With the square root transform, from egs. (14) and
(16), the ratio is

S(YA ) =174k (18)

Therefore, the contribution of the fluctuation is much
reduced in the case where the count rate distribution
is transformed by the square root operation. This is
because the fluctuating component is reduced to contain
a purely noise component by the square root transform.
On the contrary, in the direct expression, the fluctuating
component contains some signal components, as
expressed in eq. (6). For this reason, the filtering
method that eliminates higher frequency components
where the contribution of the fluctuating component is
dominant, is more effective in the case of the square
root transform. The numerical verification is made in
the following section.

3. Numerical simulations

For the purpose of comparing the effects of the direct
and the square root transform method of smoothing
the spectrum data, numerical simulations using a
computer are carried out. With experimental proce-
dures, it is impossible to obtain correctly the original
distribution of Z,. This simulation, therefore, starts
with the assumption of Z; and, in this case, a Gaussian
distribution is used to simulate a pure single peak. With
this parameter indicating the average of the probability
distribution at the ith channel, it is possible to obtain
random numbers with the Poisson distribution by
using random numbers with the uniform probability
that is simply generated by an electronic computer.
Fig. 1 shows examples of the thus computer calculated

5t R & U %
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Fig. 1. Examples of computer simulated pulse height distribution of ar.. The original signal distribution of A; is expressed by eq. (22)

(a) A =4 x 10% counts/channel;

pulse height distribution of wm, with an original
Gaussian distribution for 4, The following values are
then calculated and compared with each other:

Py = [[(UET{) "[Jir(.r)exp(fiu)-\')dx

x H({u)exp(im,\‘)dm—}.(.\'_)j| dx, (19)
P = J{[( 1 f2n)jJA {m(x)}* exp(—iwx)dx
% H(m)cxp(iw.\')dw}lf /'.(.\')J-zdx. (20)

where m(x) and A(x) are the functions of continuous
variable x, defined from m; and 4; by interpolations
between the integral values, and F/(w) denotes the filter
function. The same type of filter function for the
smoothing explained in the previous literature') is used
for this simulation, i.e.,

1 || Zeq

H(w) = (21)

exp[ —(|o| —w)267], o>y,

where ¢ = 1072 x 2n radians/channel is assumed. As
stated in the previous literature'), results are rather
insensitive to the choice of this parameter for a.
Results of the simulations are shown by plotting P,

Vol.3 N.2

(b) A =4 % 10% counts/channel.

and P, with a parameter for the beginning of the cut-
off frequency w, of the filter function. The lower
curves in fig. 2 are plottings of P, and P, with the
following original signal distribution:

1 = [Alv/(@n)] exp[—(i—25)%/50],  (22)

where A =4 x 10% counts/channel is used. The upper
curves in fig. 2 are the same plottings for the signal
distribution with higher count rates by setting A =
4 x 10° counts/channel. The distributions of m; that
are used for cases shown in fig. 2 are demonstrated in
fig. 1. It is obvious, from the plottings shown in fig. 2,
that the square root transform is very effective for
spectrum data smoothing. The author’s experience
with various original distributions of 2,, the additive
expression with the square root fransform always
provided more smoothed versions than the direct
methods, as expected from the theory.

4. Discussions

The plottings of P, and P, show the same tendency
either in the low or in the high cut-ofl frequency
region, as shown in fig. 2. In the region of the low cut-
off frequency, the smoothing action is so intense that
the whole peak is smoothed and changed into a flat
and broad distribution. Therefore, P, and P,, that
indicate the deviation from the original pattern of A(x),
increase rapidly as the cut-off frequency decreases. In
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Fig. 2. Results showing the effect of the square root transform
in comparison with the direct method of filtering. The lower
curves are plotted for the case shown by (a) in fig. 1. The upper
curves are obtained for the case shown by (b) in fig. 1. —— Fil-
tering with the square root transform. - — — Filtering without the
square root transform. — - — Level of the fluctuation of the

original distribution of m;.
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the high frequency region, on the contrary, the filtering
effect is weak, so the smoothed distribution of the peak
still contains some fluctuating components. The values
of P, and P,, therefore, asymptotically approach to
the level of the fluctuation of the pattern of m(x) with
the increasing cut-off frequency. The discrepancy of
locations of the minima of P, and P, is explained by
the difference of frequency distributions of m(x) and
{m(x)}*. The square root transformed pulse height
distribution of the peak shows a relatively broader
pattern. so that the cut-off frequency of the best choice
for P, is lower than that for P,.

A careful calculation of eqgs. (12) and (13) shows a
similar transformation of

(23)

which gives the same type of result*). The case of
¢ =3 is particularly effective, because the second term
of the expansion of the variance becomes zero. There-
fore. a slightly more effective smoothing will be carried
out if this transformation is used.

In this analysis, discussions are limited in the problem
of spectrum data. However, this technique involving
the square root transform can be applied to any case
where the fluctuating component is described by the
Poisson distribution. Applications of this technique
for the processing of two-dimensional image distribu-
tions may be of interest and will be reported in a later

paper.

ri=+/(m; +¢),
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SPECTRAL RESOLUTION IMPROVEMENT BY NON-DAMPING FILTER

T. INOUYE

Toshiba Research and Development Center, Tokye Shibaura Electric Co., Ltd.,
Kawasaki 210, Japan

Received 16 March 1972

A new method for the spectral resolution improvement is described. The difficulty that appears in the usual method for the resolution
improvement is eliminated by usc of the characteristic of the delta function. Results of the numerical simulation show the effectiveness
of the proposed method using a non-damping filter function.

1. Introduction

In the author’s earlier paper'), applications of
Fourier transforms to the smoothing and the resolution
improvement of complex spectral data were discussed.
In the Fourier transformed space, both data smoothing
and resolution improvement methods are explained as
the same mathematical operations, merely using diffe-
rent filter functions. In the former process, the filter
function is chosen simply to cut-off the high frequency
component where the noise is superior to the signal.
For the latter case, on the contrary, the frequency
distribution of the signal component is modified and
the relatively higher frequency component is intensified
by one sort of filter function for the resolution improve-
ment. However, the ideal filter function for this purpose
is not actually applied, because such a hypothetical
filter function intensifies the noisc component and,
simultaneously, the norm of the function diverges in
the mathematical sense. For this reason, the filter
function for the resolution improvement is usually
damped to zero as the frequency increases. The filter
function thus obtained stresses a certain region in the
frequency space causing small spurious ringings
around a strong real peak corresponding to the inten-
sified frequencies. In this paper, a new technique for
the resolution improvement is introduced by utilizing
a singular characteristic of Dirac’s delta function. By
this method, the resolution improved version of spec-
tral data involves very small spurious peaks and,
therefore, in the application of this technique, no
serious problems of spurious ringing oscillations are
observed. In addition, the non-linear filtering with the
square root transform proposed by the author in the
previous literature’) provides a more enhanced version
in the resolution improvement.

2. Theory
The original spectrum distribution is defined by g(x),
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where the variable x is the channel number of the pulse-
height analyzer at integers and the function is defined
for all values of x by interpolating between the integers.
In detail, the function is expressed as follows:

g(x) =J

ES

h(x—x")j(x") dx", (1)
where /i(x) is the detector response function and j(x)
is the real spectrum of incident radiations. Denoting
the Fourier transforms of the functions by using the
corresponding upper case letters, e.g.,

Py
o

Glw) =

gix)exp(—iwx) dx, etc., (2)

=

then, the Fourier transform of eq. (1) is expressed as
Glw) = H(w) J(w). (3)

Therefore, 1/H (w) can be regarded as the filter function
for the resolution improvement and, from eq. (3), the
true spectrum without the restriction of the detector
response is expressed as

A

ix) = (1f2ﬂ)J

w
[Glw)/H(w)] explivx) der. (4)
In practice, 1/H(w), which is often referred to as an
“inverse filter™, is not the best filter function for the
resolution improvement for the following reasons:

1) the high frequency component, where the noise is
dominant, is indefinitely intensified and the noise is
enlarged without limit;

2) the norm (L,) of the filter function diverges, so the
expression in the original space by the inverse Fourier
transform is not definite;

3) numerical calculations of the expressions in the
frequency space are actually carried out only in a finite
range of the frequencies.

For these reasons, the filter function is usually returned
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to zero. Examples of determining this function are
explained in the literature''>*). However, the inverse
Fourier transform of the determined filter function,
which shows some strengthened part in the higher
frequency region, oscillates reflecting the effect of the
intensified frequencies. Consequently, if eq. (4) is
calculated with such a filter function, some spurious
peaks around the intense real peak are inevitably
observed. To eliminate this problem, the following filter
function is proposed for the resolution improvement:

Wiw) = y=(—1)Clw), %

where y is a positive constant and C(w) is a mono-
tonously decreasing function of w with the following
conditions:

CO) =1,

C(+o0) = 0. (6)

The function C(w) is the same type of filter function
often used for the smoothing process. An example of
W(w) is shown in fig. 1. As the norm of this function
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Fig. 1. Examples of the resolution improvement filter function.

Proposed filter function without damping in high fre-

quencies. —— — Usual filter function with damping in high
frequencies.
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W (w) does not converge, the inverse Fourier transform
of this filter function is not definite in a usual sense.
However, by utilizing the characteristic of Dirac’s
delta function, the inverse Fourier transform of this
filter function is obtained as follows:

[* o0

w(x) = (1j2rn) Wiw) exp(iwx) dw

W T

= y8(x) — [(y—1)/27] J C(w) exp(iwx) dw.

(7

Therefore, the filtered function of g(x) in the original
space is

-

(lﬂ2n)J

oo

G(w) W(w) exp(iwx) dw

4

= J w(x—x") g(x")dx’

[18(x—x") — (y—1) e(x—x")] g(x") dx’
=yg9(x) —(y=1)

o

c(x—x)g(x")dx", (8)

—30

where the function e(x) is the inverse Fourier trans-
form of C(w). When this filter function for the reso-
lution improvement is applied, the singular charac-
teristic of the filter function is contained in the behavior
of the delta function. However, the term related to the
delta function is expressed by the originally given
function and does not have to be actually calculated,
as eq. (8) indicates. The filter function expressed by
eq. (5) does not intensify a definite region in the fre-
quency space, so the spurious oscillations encountered
in the usual methods, that use the filter function with
damping portion, are reduced to a great extent. Further,
the calculation is quite easily carried out, because it
includes only a simple filtering process, For this reason,
difficulties involved in the resolution improvement are
widely eliminated by applying this method. The
verification of the eflectiveness of this method is
demonstrated by the numerical simulations in the
following section.

3. Numerical simulations

Some numerical simulations are carried out to prove
the effectiveness of the proposed method. In the cal-
culation first demonstrated, the change of the pattern
of a single peak in the spectrum is analyzed. The
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original pattern A(x) is obtained by simulating a peak
by a Gaussian distribution of

Ax) = [2%10%/2m)] exp[ - (x—25)*/50]. (9)

To this function, the fluctuating component with the
Poisson probability distribution is added at cach
integral value of x to simulate the quantum fluctuations
and the peak pattern g(x), that is shown in fig. 2a, is
obtained. The filter function expressed by eq. (3) with
the parameter y = 3 and the function

C(w) = exp(—6.25 w?), (10)

that expresses the same tendency as the inverse filter
in the region around w = 0, is used for the reselution
improvement. The result of the improvement of the
resolution, in this case, is about 25%. if it is expressed
by the fwhm. The same pattern with a commonly
adopted processing method. where an inverse filter

O errrennns, oo’

(c] .

COUNTS/CHANNEL (xI0%)

CHANNEL NUMBER

Fig. 2. (a) Original data simulating a single peak. (b) Resolution

improved data by applying the non-damping filter. (c) Resolution

improved data obtained by the filter with damping. Both filter
functions for obtaining (b) and (c) are shown in fig. 1.
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function with a damping part beyond the cut-off
frequency is applied, is also shown in fig. 2¢ for compa-
rison. The cut-off frequency for the latter method is so
chosen as to attain almost the same resolution improve-
ment and the filter [unction is indicated in fig. 1 by a
dashed line curve. It should be noted that the problem
of spurious ringing oscillations is almost solved by the
proposed method for the resolution improvement.

In the second numerical simulation, the same
technique is used for the separation of the unresolved
doublet. The original distribution is shown in fig. 3a.
This is obtained by superposing two Gaussian distri-
butions with a smaller center to center distance than
the fwhm of a single peak that has the same width as
the distribution described in eq. (9). The fluctuating
component is also included in this distribution by
using random numbers generated by the computer.
As the effect of the noise is, in this case, comparatively
intense, this pattern is square root transformed to
attain an additive relationship between the signal and
the noise component?) and the smoothing technique
is applied. Then, the same type of filter function as eq.
(S) with y = 10 and

Clw) = exp(—2.78 w?), (11)

that shows the same dependence on the frequency as
the inverse filter in the low frequency region, is used to
separate the unresolved doublet. By applying these
processes and calculating the square to return to the
original scale, the resolution improved spectrum is
obtained. The result is shown in fig. 3b, that shows a
noticeable separation of the unresolved doublet with
negligible spurious peaks.

These results of the numerical simulations show that
the proposed method for the filtering with the non-
damping filter function provides a much more im-
proved version of the resolution improvement than the
ordinary techniques. In addition, the combined method
with the non-linear filtering gives much more enhanced
profiles than the usual linear filtering methods.

4. Discussion

The detailed conditions for the choice of the filter
function used in the proposed method can be derived
from the relationship between the signal and the noise
component, which is a function of the frequency.
Therefore, a careful observation of the frequency
distribution, as explained in the literature'), is needed
for determining the optimum parameter y and function
C(w) in ¢q. (5). The change of the total signal to noise
ratio, caused by applying the method, is also obtained

62



T. INOUYE

2500+

2000 eyt

1500+

COUNTS/CHANNEL

1000} . .

5001 .

1 1
20 30 40
CHANNEL NUMBER
(a}

COUNTS/CHANNEL
5 3
T T

Q

[s]

o
T
.
L

1 e
o 1o 20 30 40

CHANNEL NUMBER
(b)

Fig. 3. (a) Original data showing an unresolved doublet. (b) Result of resolution improvement processing of the unresolved doublet
by the non-damping filter. Square root transform and smoothing are included in the processing.

by taking into consideration the whole effect of the
filter function on both components.

If the count rate is relatively low, the use of the
non-linear filtering with the square root transform is
preferable in order to attain the effective elimination
of the quantum fluctuations. If the resolution impro-
vement process is also carried out in the square root
transformed space, the amount of ringing oscillations
around a strong peak is more reduced than by the
direct filtering method, as shown in the simulation. In
this case, the spectrum is not exactly expressed by
eq. (1) and, in addition, the value of the total counts per
peak is not precisely conserved, because of the non-
linear characteristic of the transformation. For this
reason, if the exact value of the area of the peak is
required, then some other method, such as the least
square fitting procedures, might be simultaneously
used. On the contrary, by the direct filtering method,
the total area is always conserved, provided that the
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filter function is kept at unity where w = 0. This is
simply explained by the fact that the Fourier transform
of a function with w = 0 corresponds to the integration
of the function.

Calculations demonstrated in the simulations are
carried out by digital methods using a computer.
However, a simplified and convenient calculation of
this method is also possible by an analog processing
technique, because the actual calculation needed for
this purpose involves only a common type of filtering
process and simple multiplication and subtraction
operation.
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Measurement for Energy Spectra of Diagnostic
X-ray with Si (Li) Detector (I)

Masao Jimbo, Katsuyoshi Saito

Tamagawa Works, Tokyo Shibaura Electric Co., Ltd.
Yuji Takaku

Department of Radiology, Fukushima Medical College

Abstract:

Energy spectra of primary X-rays emitted from an X-ray
tube under different radiographic conditions provide useful
informations in radiology such as, basic practical data for
calculation in radiation protection or for reduction of
diagnostic exposures to man,

We are currently attempting; by correlation between the
primary X-ray spectra and those of the secondary X-rays
passing through the phantom, to obtain the X-ray images
containing the most possible informations at the least
EXPOSUTres,

As the first step in such an attempt, we make a study
to establish the method of measuring the primary X-ray

spectra with lithium-drifted dilicon detector,
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