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Direct Image Reconstruction with Limited Angle Projection Data
for Computerized Tomography

T. I[nouye

Toshiba Research and Development Center
Kawasaki 210, Japan

Abstract

Discussions are made on the minimum angle range for projection data neces-
sary to reconstruct the complete CT image. As is easily shown from the image
reconstruction theorem, the lack of projection angle provides no data for the
Fourier transformed function of the object on the corresponding angular direc-
tions, where the projections are missing. In a normal situation, the Fourier
transformed function of an object image holds an analytic characteristic with
respect to two-dimensional orthogonal parameters. This characteristic enables
uniquely prolonging the function outside the obtained rsgion employing a sort
of analytic continuation with respect to both parameters. In the method report-
ed here, an object pattern, which is confined within a finite range, is shifted
to a specified region to have complete orthogonal function expansions without
changing the projection angle directions. These orthogonal functions are ana-
lytically extended to the missing projection angle range and the whole function
is determined. This msthod does not include any estimation process, whose ef-
fectiveness is often seriously jeopardized by the presence of a slight fluctua-
tion component. Computer simulations were carried out to demonstrate the ef-
fectiveness of the method.
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1. Introduction

Gamma-ray emission from injected radio-isotopes in the human body or x-ray
transmission through the body provides useful information for medical diagnosis.
This diagnostic information is actually obtained by using emission or transmis-
sion type computerized tomography (CT) scanners. 1In a CT scanner, projection
data through the object concerning gamma-ray emission or x-ray transmission are
supplied to sclve integral equations and the original source intensity distribu-
tion is calculated using a computer. Many sophisticated computer algorithms
have been proposed for this purpose. However, in the commercially available CT
scanners, only analytical reconstruction algorithms based on two-dimensional
Fourier transform method are used. These analytical algorithms are mathemati-
cally equivalent and can provide high resolution images in relatively short pro-
cessing time. This mathematical principle for image reconstruction is described
as follows:

A component of two-dimensional Fourier transform of object pattern on an
obligue line is obtained by one-dimensional Fourier transform of projection on
the oblique line in the same direction.

In the conventional method using this mathematics, the whole two-dimension-—
al Fourier transform function of the object pattern is obtained by taking the
whole angle projection data around the object. For this reason, in any kind of
CT scanner, projection data have to be collected for angles between 0 and 180
degrees around the object. However, the Fourier transformed function of an ob-
ject holds an analytic characteristic, so the function can be uniquely prolong-
ed from the partial data employing a sort of amalytic continuation. By applying
this principle, it seems to be possible to reconstruct an image from projections
for smaller angle range less than 180 degrees around the object.

The author previously reported a method for image reconstruction from par-—
tial projection angle datal), which obtains angulat parameters for analytic con-
tinuaticn by estimation. This estimating process is often seriously affected by
the presence of a slight fluctuation component in the real data.

This paper proposes a new image reconstruction algorithm using smaller
angle range projections less than 180 deqgrees, which does not include any esti-
mation process. This deterministic image reconstruction method from partial
projection angle data can be applied to any receonstruction problem, provided
the object pattern is confined within a finite range area.

2. Mathematical Theory

The object pattern distribution is expressed in polar coordinates as f(r,8).
As indicated in Fig. 1, projection g(p,¢) for this function is obtained by in-
tegrating f£(r,0) along a line %(p,$), where p and ¢ are the length and direc-
tion of normal line to & from the origin:

g(p.d) =f f(r,08)ds - (1)
Lip,d)

Since f(r,8) and g(p,¢) are periodic functions with respect to angle g and ¢
with a period of 27, both functions are able tc be expanded into a Fourier
series as follows:

oo

f(x,0) = Z £ (x)exp(ing) i (2-a)
n=—o

g(p,$) = )} aplplexplind) . (2-b)
n=-%<

Vol.11.N0. 2 (1981) —58-



fir, 8)
(rale alp.9) iﬁ, Jftr.01ds

s=/FZ-p2
8-¢=cos™ (p/r)
2p,P)

Fip. 1 Relationship between object and its projection.

By substituting these expressions into Eg. (1), the following relationship
holds:

L=s]
Fn(x)Th(p/x)
g (p) = 2J ~—1 =% (3)
p Y1l-(p/x)2
where T,(-) is a Tschebyscheff polynomial of n-th order. A solution for this

integral equation with respect to fj(r) was presented by Cormack2) as follows:
e o]
14 9n (P) Ty (p/T)
“mar
(p/r)2-1-p

By substituting these equations into Eg. (2-a), the original image distribution
f(r,8) is obtained.

£ (r) = dp (4)

It should be noted that the reconstructed image f(r,8) at radius r is
uniquely determined using projections g(p,¢) at higher radial length p than r
only. For this reason, if the abject pattern is located within the innermost
tangential lines of projection missing angles, the projection data outside of
the limited angular range are not taken intoc the calculation.

Presuming that the projection data are missing at indicated angular range
in Fig. 2, the object pattern within the hatched area is uniquely determined by
applying Eq. (4). This process to allocate the object is always possible, if
the original object distribution is confined within a finite range area. In
Fig. 2, the center circle can be so chosen to contain the object distribution
area, and the projection data at allowed apgular region gg(¥,¢) is able to be
shifted without changing the projection angle ¢. This modification of projec-—
tion data is attained by parallelwise shifting gg(X,9) to g(p,9) according to
the relationship

g®.4) = gg(p-scoesd,b) (5)

as shown in Fig. 3, where s is shifted pattern center in the allowed area.

— b= BRI
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Fig. 2 Object area where image is reconstructed from limited
angle projection data.

/TN

a(p,$)=go(p-scos P, ¢)

Fig. 3 Shift of projection for object confinement within area
where image can be reconstructed from limited angle
projection dsta.

After obtaining these modified projection data, Eg. (4) is applied to cal-
culate the Fourier series coefficient of the object distributicn. Mathematical-
ly speaking, this process expressed by Eq. (4) is a sort of analytic continua-
tion in the radial éirection using Tschebyscheff polynomials.

Another image reconstruction based on this method is also attained by cal-
culating projections for missing angular range. If Fourier series component of
the object pattern f,(r) is substituted into Eg. (3), projections are calculated
by a simple integration operation for angular regions, where original projec-
tions are missing. Since the pesition of ckject is limited within the designat-
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ed outside area of a circle with radius py in this instance, the integration
in Eq. (3) is actually performed on a definite range as follows:

dr (6)

Pmax £, (r)-T, (p/x)
gn (P) 2J =

PO Y 1-(p/x)?

where ppax is the maximum value for p of the object pattern.

The projection data for missing angular range are obtained by calculating
g(p,9) using Egq. (2-b). The thus obtained projections all around the object car
provide necessary data for a conventional image reconstruction method, such as
the filtered-back projection algorithm. This combined method for image recon-
struction is practically effective, because projection data at allowed projec-
tion angles are directly taken into calculation.

3. Numerical Calculations

Some typical calculation examples are shown in Figs. 4 and 5. In the case
shown in Fig. 4, a cylinder is put on the indicated area, where 67 % projection
angle range between -60° and +60° is sufficient to reconstruct an image. In an
actual calculation, the maximum expansion order has to be limited. In the case
shown in Fig. 4, Fourier series and Tschebyscheff coefficients up to the 16-th
order are taken into calculation. Using Egs. (4) and (2-a), a cross-section of
reconstructed image is obtained and plotted. The result at 8=0° is shown in
comparison with the exact value. A similar comparison is made for the calcu-
lated projection data at ¢ =90° for the same cylinder in Fig. 4. For the same
object pattern, the result of reconstructed image with higher order Fourier
series and Tschebyscheff coefficients up to the 24-th order is shown in Fig. 5.

In both examples, due to the limited number of expansion terms for
Tschebyscheff polynomials as well as for Fourier series, the resolution of re-
constructed image is rather deteriorated. However, this problem is easily over-
come by increasing the maximum order of expansion.

g(p,$)=2'./004-(p-1.5c05 )2

Nmax =16

f(r.0)
LGH S
. kS
v -,
l’ \I
ost |f 3
; \
0 Ar— i 1 "

1
1.3 4 5 |16 1.7

cross section at §=C projection ct $=3-
Fig. 4 Example of limited view angle reconstruction calculation.

Projection data available between -7/3<¢<7%/3 around
norizontsl line.
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Fig. 5 Example of image reconstruction of cylinder. Maximum
expansion order of Fourier series and Tschebyscheff
polynomial: 24. Projection date available for 67% angle
renge between 0<@<2m/3,

In the actual calculation of Eg. (4), the analytically extended
Tschebyscheff polynomial is a rapidly increasing function of p/r. In a normal
numerical integration method, this integral has to be carried out with a large
number of intervals. This restriction determines the maximum order of Fourier
series and Tschebyscheff polynomial expansion terms.

4. Discussion

This image reconstruction technigue with limited angle projection data pro-
vides a direct method to restore the original object pattern. It does not in-
clude any kind of estimating process, which is the case in other proposed meth-
ods.

Higher resolution is attained by increasing the number of expansion terms,
whose process might take a longer computation time. The case shown in Fig. 5,
a processing tock about 4 minutes using a Cyber 176 computer. This drawback
for practical applications would be solved by improvements in computer tech-
noleogy and this method for limited view angle reconstruction would be soon ap-
plied to practical cases.

Using this technique, a quite different type of CT scanner is feasible.
F. _ instance, a fan-beam scanning with a linear motion of x-ray source provides
sufficient data for this method. Therefore, using this image reconstruction
technique, a linear scan CT is attained. As for normal CT scanners, this tech-
nique provides a data collection method with smaller radiation dose, because
the scanning range can be reduced to a smaller angle rotation.
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