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The Application of Fourier Transforms to
e Analysis of Spectra Data, T. /monve,* T.
ivpev, N Co Rasmussen (MIT), meited

We have previously described' the general techalque of
ne Fourier fransforms to aid in the analysis of com-
X capture of - -ray spectra. Tius paper assesses the
fuiness of this technique for other types of gpectral
a1 and describes improvements in the
cinal program

soame recent

in tina method, the spectral data ((E), which tn actual
ctee is a histooram of number of counts vs channel
nber, is transformed into inverse channel number
ce by g standard Fourier transformation. This trans-
med data s multiplied by an appropriate filter functinn
then transformed back into energy space. The result
1 snimothed version of the original data.  For the
cedure to produce the desired results, however, the
er function must be carefully cnosen. We have found a
1issian function works quite weli for the Liiter function
that the optimum width for the Gaussvan depends upon
rharacteristics of the data  Mostiv 11 depends upon
nunber of channeis wide the peak or other gpectral
wmiation is in the original data. A method {9 choosing
optfmun: Gaussian (ilter function for L given spectrum
leacribeo :

A secontt feature of this method ag that the smoothed
1 may be transiormed a second time and multiphed by
ter func'van reiated to tae response function of the
eC{or ang then fransformed back to produce an -
vemen! in the energy resolution in the spectrum.  The
wnt ol the vesolution nmprovement that can be ob-
et also depends on the character of the ariginal spee-
m it mare directly on how weil the aata have beep
sathed. The choaice ol the secana filter function and jts
et on the datg ave discussed

The original proegram' has recently been changed so
- all the Foutter transforms are now dane by the fast
rier transform (FFT) algoritlun.” We have uaed the
T subroutine FOURT, deveioped by M. Breaner {or the
f-360 mnd-65 computer, which perinits the transafor-
ton of 4086 drta points aver and back 1n 45 sec. This
1 emall savings in time (~ 25%) over the sectioning
hod used pfeviously, and, in addition, the FFT ecalcu-
s the comgletg set of Fourier coelficients which are
ful for determining the filter function.

'he Fourwr smoothing has been used successfully on
iriety of  «y@y Spectra and has proven to be a valuabie
ir both the ealculation of peak centers and peak areas.
e e .

. INOUYR and N. C. RASMUSSEN, "A Computer
dethod for the Analysis of Complex Gamma-Ray
pectra,’” Trans. Am. Nucl. Soc., 10, 38 (1967).

. W. COOLEY and J. W. TUKEY, *‘An Aigorithm for
he Machine Caiculation of Compiex Fourier Series,’’
fath. Comput., 19, 297 (April 1965).

ssent addrese:
=1

Tokyo Shibaura Electric Co., Ltd.,

2. Proton Range as a Neutron Energy Indi-
cator in Thermoluminescence Dosimetry,”
Robevt A. Facey (Def Chem Biol Res Lab-
Canadaj, Invited

The interaction of fast neutrons with biological ma-
terial takes place primarily through the neutron-proton
recoil interaciion n hydrogen. An tonizing proton takes
some aor all of the energy of the neutron, and recoils
elastically, always into the furward hemisphere. The
range of the proton is a function of its enérpgy, which is,
in turn, dependent on the incident neutron energy by the
relation

‘Eproton £ Eneutron

An approach to fast-neutron dosimetry is fo use the n,p
veaction ilself as a dosimeter mechanism. Hydrogenous
ilastie, Ioaded with a thermoluminescent phosphor, was
tried first an a disk configuration. The low reading of
dose with sungic disks in air, led to tne observation that a
proton buildup effect could be detected with a stack of
disks irradiated together along their axis. These were
then separated and read sequentially. Figure | shows the
effect with 14-MeV neutrons . traveling from the left.
Successive disks receive increasing doses (as one moves
into the stack) from the disxks on their leif, until equi-
liorium is reached at u depth d equal to the maximum
protoa range. information on two parameters is available

|
i
\

14 MeV NEUTRONS

—_—
n |
D300+ A
£ —1 M
| ! |
g | —d | ;
A
~ -
5200 ‘ .
2 |
o
h
|
: |
o 100 :
- |
& !
0 X 0 2 0
DEPTH (MICRONS) INTO STACK
Fig. 1. Histogram showing buildup of dose in a stack of
thermoluminescent plastic disks (epoxy loaded
with CaS50,:Sm), exposed to monoenergetic neu-
trons at 14 MeV, traveling from left to right.
Buiidup depth d is a function of neutron energy,
while piateau height h is proportional to tissue
dose. Readings are corrected for inverse square
law effect. Maximum range of protons ~2000y.
*Sponsor: C. E. Clifford
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Image Restoration in Radioisotope Imaging Systems

T. A, IINUMA, pa.p. and T. NAGAI, a.p.
National Institute of Radiological Sciences, Chiba, Japan

Received 11 January 1967

ABsTRACT.  In the radicisotope image visualization, the final image must be inter-
preted by the human visual system. However, an inherent blurring of the image
limits the amount of useful information which can be extracted from it. Attempts
have been made 10 restore the image by compensating for the degradation.

By expressing the radioisotope image as a convolution integral of a true radioisotope
distribution, with the spatial resolution of the imaging system, and by using an

iterative approximation method for the evaluation of the integral, a * restored image ’
is obtained. An experimental result on a profile scan demonstrates the applicability
of the method to radioisotope imaging systems.

1. Introduction

The fundamental problem in radioisotope Imaging systems is the contradiction
between resolving power and detection efficiency of the system. Indeed, the
best spatial resolution would only be obtained with a detector of zero sensitivity
(infinite collimation). Therefore, the observed Image in a practical system is
necessarily degraded to some extent, and becomes less meaningful. If the
image can be restored by compensating for the degradation a better compromise
between the two opposing factors can be reached.

Recently we reported a preliminary result ona profile scan and an experimental
result on an area scan (Nagai, Iinuma and Kida 1967) which were * computer-
focused * in terms of the point-source response of the scanning system, but the
mathematical background of the - computer-focusing * was not fully described.

The purpose of the present paper is to clarify the mathematical relationship
between an observed (Llurred) image and a true radioisotope distribution
(ideal image). and to describe the mathematical formulation of image restoration.
A detailed cxperimental result of a profile scan is also presented.

2. Formation of an observed image

Radioisatope imaging systems are essentially analogous to optical systems,
but there are several important differences.  One of them is that an object
in three-dimensional space is inevitably viewed by a practical image system.
Taking this into account. an observed radioisotope image (blurred image) is
expressed in analogy 1o the optical svstem as follows:

G,y 2)= ‘ ” 7 Flx'—x, y' —y, 2 —2)R(x, y, 2) dx dy dz (1)

where Gr,y,2) is the observed image as a function of three object-volume
co-ordinates, F(x, y, =) is the ideal image i.e. true radio-isotope distribution as a

oy =
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function of three co-ordinates and R(z,y,2) is the point spread function as a
function of three co-ordinates.

Here we assume that the R is invariant over the region of object volume
(organ volume) to be observed. This assumption is roughly satisfied with the
section scanning method developed by Kuhl (1964). In this case R can be
measured by scanning a point source of a perticular radioisotope under
consideration in three-dimensions.

In the case of an area image obtained with conventional moving and stationary
devices, we have the following equation, assuming that the point spread function
does not change over the image plane, i.e. surface of an organ:

G, y)= f [ #&~a,y'~9) . R gy day (2)

where @, F and R are the identical quantities as those in eqn. (1), but in two-
dimensional co-ordinates.

Strictly speaking, the above assuraption is not valid in a practical system
but it is approximately valid in some circumstances, for ezample in positron
scannipg, and when scanning with two opposing focussed detectors. When
the organ depth ic smoll, the assumption is roughly satisfied with any type of
imaging systems,

Let us consider the case of a profile scanner, i.e. one dimensional imaging.
The following equation can be derived with the same assumption as above:

G(z')= f VR - )R @) i, (3)

— @

The integral eqns. mentioned above mean that an observed image, @, can
be expressed as a convolution integral of the ideal image, F, and the point
spread function, R, i.e. the spatial resolution of the system, provided R is
invariant over the space to be examined.

In order to restore the image it is necessary to solve eqns. (1), (2) and (3) for
¥ under conditions where @ and R are known.

3. The mathematical formulation of image restoration

The solution of the convolution integral equations is often simplified by the
use of Fourier transformations as has been shown in some optical problems
(Elias, Grey and Robinson 1952).

For simplicity, we shall discuss the case of profile scanning, but the same
method can be applied to the other cases. The application of Fourier trans-
formation to eqn. (3) yields the following equation :

Gv)=F(v). R(v) (4a)
where
G(v)=f - G(x) exp (—i2avx) dx. (4b)
F(v) and R(v) are expressed by the same equation as above, and v is the
spatial-frequency.
-
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R(v) is the Fourier transform of the point spread function which is identical
with the ‘modulation transfer function’ (M.T.F). From eqn. (4) it is seen
that the M.T.F. is one of the important factors characterizing the resolving
power of an imaging system (Beck 1964 ; Cradduck, Fedoruk and Reid 1966).

From eqn. (4) we can also recognize that image restoration is theoretically
possible by taking the inverse Fourier transform of the following equation :

F(v)=G()/R(») (50)
F(z) = F-Y[G()/ R)] (55)
where F-1 indicates the inverse Fourier transformation.

However, there are several problems arising in attempts to make practical
use of eqn. (3) as has been pointed out by several authors (Quittner 1966 ;
Harris 1966). The greatest difficulty is that in the presence of noise (such as
statistical Huectuations) in &(r), the oscillations associated with F(z), the
restored image. may be so high as to make the image physically meaningless,

As an alternative tool, the iterative approximation method (Skarsgard, Johns
and Green 1961) has been employed in an attempt to solve the integral equations
of (1), (2) and (3).

Procedures for the iterative calculation are as follows:

The 1st iteration,

( -]
') =G )+ iG(r’)—f GOx" —x)R(x) d:c} (6)

where G°(x') is an arbitrary function. but it is practical to use the original image
G(x'). as GO2'). GYa') is the st approximated image.
The nth iteration is expressed as follows:

r o
') =6n=1") — 1{-’(‘:") - [ G-l — x)R(x) dm} (7a)

and,
Hr) = | " G’ —2)R(z) da. (75)

Jd =
It Gn(2’) converges to F(x). the value of {G(x)—H"(x)} should gradually
approach zero. However. one cannot continue the iterative approximation
until G(x)=Hn(r), because the same difficulties as oceurred in the Fourier
transform method are encountered. Due to the presence of noise in & and R,
the iteration must he stopped at a certain point that is determined by the
magnitude of the noise. The superiority of the present method over the Fourier
transform method is due to the fiact that the iteration can be terminated at an
arbitrary level of approximation.
The following expression i~ nsed to define the limit of approximation :
iy —Hne) < A. (8)
This equation indicates the condition when iteration should be terminated.
A is a function of noise level of 7 and R.
In the cases of area and three dimensional images, the equations corresponding
to eqn. (7) are as follows:
For an area image,

Gra', y)y=0r1 " ") +}{: e ') — ' f ‘ Gr=Ya' —x,y' —y)R(x, y) dx dy}. (9)
\ o — %

-/ -
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For a three dimensional image,
Gﬂ (:t‘rs y’#‘:l) = G”_I(‘T‘! .1/’; 2': b

%G(a",y’,:')—.} ( Gl ' —x,y' —y, 2" —2)R(e, y,z) dedy dz b, (10)

In these cases the iteration should be terminated at a certain level of
approximation that is defined by the similar expression to equ. (8).

4. Experimental
4.1. Method

We have applied this method to profile and area scanning. In the present
report a detailed discussion of the profile scan is presented. The experimental
apparatus used for profile scanning was a whole body scanner equipped with
two slit-collimated Nal(T1) ervstals of 8in. diameter and 4in. thick, which
scanned along the length of the body (Eto. Watanabe, Tanaka and Hiramoto
1962). The slit-collimator was made of 5 em thick lead, and the slit-width
length and depth were 10 cm, 25 em and 15 em respectively. With this scanner
the assumption required in deriving eqn. (3) was approximately valid.

The whole-body distribution of 122(Cs following an oral administration was
measured in one subject. The 669 kev y-line of 132Cs was selected by a single
channel analyser, and a profile scintigram was digitally recorded on a multiscaler
of 128 channels synchronized with the movement of the detectors. so that the
counts accumulated in each channel corresponded to those from a profile
distance of 2-3 cm.

4.2, Results

Since an incremental length of 2:5 em was chosen. the collimator resolution
function (R(x) in eqn. (3)) was determined by scanning a line source of 13*(s
having a length of 2:5 em. The source was located at the centre of both the
Nal erystals and placed in a water phantom 20 em thick. The result is plotted
in fig. 1 (curve A). for which the actual values of R(x) are also shown. The
resolution function consists of 17 incremental figures, the sum of which is
normalized to be unity.

In curve B the resolution of a 19 hole honeycomb collimator used in area
scanning (Nagai. ef al. 1967) is. shown for comparison. It was obtained by
scanning a 3] point source in air placed 6 em from the collimator face (the
focal distance of this collimator). Each incremental length was selected
to he 1 mm in this case.

A profile scintigram for a subject obtained using a 128 channel multiscaler,
consisted of about 70 incremental counts. each increment corresponding to
an anatomical position {from the top of the head down to the feet. Scanning
was usually performed once a day after the administration of 132Cs. but a
profile scintigram on the 20th day is shown as an example (fig. 2).

The histogram formed by the solid line in fig. 2 indicates the type of result
obtained (blurred image G(2')). Each channel (increment) corresponds to
2:53 em. The iterative approximation starts as follows:

_,I_
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(B). The incremental numbers of the R(z) for the whole body scanner are

also shown.
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Fig. 2. Comparisom between an original profile scintigram (solid line), and the
corrected one (broken line). Each channel corresponds to a length of 2-5 cm,
and important anatomical landmarks are also shown in the figure. This
result shows the distribution at the 20th day after a single oral administration
of 5u Ci 132CsCl. The amount of whole body retention was less than 0-1 uCi

at the time of the measurement.
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The 1st iteration;
s
Gl ) =G(a")+ {G(a")-A X G(;r'-—:t.')R(.v)} (11)
r=—5

where R consists of 17 incremental figures, F(—8), ———— R(0), ——-— R(8),
(see fig. 1), and the convolution integral in eqn. (6) must be replaced by a form
of summation. G(z') corresponds to an incremental count in ‘the original
histogram and so the above calculation must be performed for all increments
(channels),

The nth iteration is:

Gra') =Y +1

tﬂm

('"*l(x' — .1')R(.r)} (12a)

and, -
Hrz')= % Gn(a’ —2)R(x). (126)

r=—8
The extent of convergence of Gn(2’) to F(x) can be estimated by the following

equation which is similar to eqn (8):
“ {G() - Hi(z') = A1 (13)

N

where ¥ refers to the summation of the error in each increment over all A
increments in the histogram. and A? indicates the value of eqn. (13) at the
ith iteration.

The iterative approximation is usually terminated when A¢ satisfies the
following condition:

Ry
Aig ¥ G). (14)

This means Hi(z') on the average agree with G(x’) within one statistical
standard deviation of +(z). that is {G’ ) 1372,

The calculation was made on the hlstogram shown as a solid line in fig. 2
and the value of eqn. (13) was calculated after each iteration. In this case

¥
3 G{x’) is about 103 counts. Taking 41 as 100, arbitrarily, values of 42=19-2,
A3=11-8, 44=9-3 and 4®=81 were obtained. The convergence of the .»i*
was rapid at first. but became very slow at the 4th and 5th iterations. The
result obtained after the 5th iteration is shown as the broken line of fig. 2.
although the criterion of eqn. (14) was satisfied at the 3rd iteration.

As can be seen. the restored image (corrected histogram) shows more detailed
structures of !32('s distribution than the original. This result was compared
with that obtained by Palmer (1964) who carried out a profile scan with a
sharper slit-collimator (5 em wide) on a subject incorporating more than 1 p(i
of 13°(C's. Both results are in good agreement confirming the correctness of
our method.

5. Discussion
As radioisotope image is ultimateiy examined by eve. and is used to obtain
diagnostic information, all information contained in the image must be extracted
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efficiently by the human visual system. As pointed out by Harris (1966),
however, the eyes can be extremely inefficient in extracting information under
certain cirenmstances. The purpose of image restoration is to make a biurred
image more intelligible by solving the convolution integral equations mentioned
above. It should be noted here that the information content of an image is
not increased by the calculation, but that the method of displaying the infor-
mation only is changed so that the human visual system can extract this
information more readily.

The iterative approximation procedure is a powerful method of solving
the convolution integral equations and thus of restoring the degraded image.
The Fourier transformation method failed to give a satisfactory solution.
The iterative approximation caleulation is quite simple and needs little
programming and computational expense.

Harris (1966) has employed a modified Fourier transform method to solve
the convolution integral of equ. {2). By introducing an artificial modulation
transfer function R, (v) into eqn. (5) he avoided the difficulties due to the fact
that R{r) may take a value of 0. but the restored image was deliberately blurred
by the introduction of the £, (v).

Although the iterative method allows us to approach the ideal image, F(x),
it is practically impossible to obtain a noise-free estimate of F(x) as has been
described in section 3. Therefore, the iteration should be terminated at a limiting
level that is controlled by the noise level in G(x) and R(r). Consequently,
Gn(y) is not a completely * restored image ', but still a ‘ partly blurred image

In radioisotope imaging svstems, G(r) is inherently noisy (due to statistical
fluctuations) because oulv a restricted amount of radioisotope may be
administered. and only a limited time for the measurement is available. On
the other hand, R(x) can be determined quite accurately by using a strong point
source. So, the error is mainly determined by the statistical fluctuation in G{x).

As a criterion at which the iteration should be terminated, it is convenient to
adopt one statistical standard deviation of G(x). This criterion results in the
following expression : '

3 {G@)—HMa) P

<N 15
gm] G(2) € e

where NV is the total number of increments in the original image.

For the practical application of this method, it should be noted that the
imaging system must satisfy the assumption mentioned in section 2. When a
single detector system is used to obtain an image of a deep lying organ, the value
of R(xr)may change so much that the convolution integral equation doesnot hold.

In addition, it is often better to smooth out the original image, G(x), by an
interpolation method (Kreisel 1949) or by other means (Brown 1963) in order
to obtain a non-fluctuating solution. This is especially important when the
original count-rate is low.

One of the disadvantages of this method is that the amount of caleulation is
so vast that the use of a digital computer is essential, and that time for the
iterative computation might be quite long even with a fast computer. Therefore,

-~
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in some clinical applications. it might be advisable to stop the calculation at
the 1st iteration. The result thus obtained is still nearer to the ideal image
than the original one is.

The application of this method is not limited to the field of. radioisotope
imaging systems, but it may be applied to many other problems that can be
expressed by convolution integral equations. They include photographic
images of all kinds, dyvnamic (time-varying) phenomena observed by band-
limited detectors. many kinds of spectra measured by detectors having
limited resolving power and so on. In these cases, the term ‘Tmage * should be
interpreted in its broadest sense.

6. Conclusion

In attempts to remove the inherent ‘blur’ in the image observed by a
radioisotope imaging system (moving or stationary), the following conclusions
have been reached —

(1) under appropriate conditions. the observed (blurred) image can be
expressed as a convolution integral between the ideal (restored) image and a
point spread function of the system.

{2) Restoration of the blurred image is achieved to a satisfactory extent
by the iterative approximation method, but the ultimate accuracy of the
approximated result is determined by the statistical fluctuations incorporated
in the original image.

(3) Application of this method to the profile scanning revealed fine details
of the 132Cs distribution in the human bodx that were not visible in the original
seintigram.

We are grateful to Dr. E. Tanaka, head of the Ist laboratory, Div. of Physics,
for his valuable discussion, and to Drs. T. Inoue and J. Tarao of Tokyo-Shibaura
Electric Co. for their help in calculating the M.T.I".

REsumMi

Restitution de 'image dans les svstémes radioisotopiques pour représenter par images

Lorsqu’on veut rendre visible I'image d’un isotope radioactif, I'image finale doit étre interprétée
par le systéme visuel de 'homme. Cependant, le brouillard propre de I'image limite le volume
d'information utile, qui en peut étre extraite. On a essayé de restituer I'image en compensant la
dégradation.

En exprimant l'image d'un isotope radioactif comme un intégral de convolution de la dis-
tribution réelle de l'isotope radioactif, avec la résolution spatiale du systéme pour représenter par
images, et en employant une méthode d’approximation itérative pour I'évaluation de I'intégral,
on obtient ‘' I'image restituée .  Un résultat expérimental sur un balayage de profile démontre
V'applicabilité de cette méthode aux systémes pour représenter par images au moyen d'isotopes
radioactifs.

ZUSAMMENFASSUNG

Bildwiederherstellung in den Radioisotopen-Abbildesystemen
In der Sichtbarmachung des Radioisotopenbildes muss das Endbild mittels des menschlichen
visuellen Systems gedeutet werden. Dennoch wird der Betrag der nutzbaren Auskunft, welcher

aus dem Bild gewonnen werden kann, von der eigenen Verschwommenheit des Bildes begrenzt.
Es wurde versucht, das Bild durch die Degradationskompensierung wiederherzustellen,

- /5-
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Ein " wiederhergestelltes Bild » wird erhalten, indems man das Radioisotopenbild als Kon-
volutionsintegral der wirklichen Verteilung des Radioisotops, unter der spatialen Auflésung des
Abhildesystems, sowic indem man fiir die Abschiitzung des Integrals ein iteratives Anndherungs-
verfahren anwendet, Ein Experimentalergebnis der Profilabtastung bestiitigt die Verwendbar-
keit des Verfahrens fir die Radicisotopen- Abbildesysteme,

Pesome
BOCCTaHDB.'IEHHC 11306133}1\'6[11[3 B CHCTEMAX, JarouInx 1{306[33':{{31{!18 PaJIHCAKTHBHOIO H30TONA

Ilprr nonyuensin apuTesshoro ofpasa I300parkenma PAIHOAKTITRHOIO N30TOIIda KOHeuHoe
U300PAIEHIe  MHTEPNPETHPYETCH TPH  TOMOLIM  3PHTEILHON CHCTEMBI Ue OREHa. QOanako
BPOAIICHHAA PacILThIBYATOCTE HI00PayKeHHA OTPaHHYNBAeT KOIHYECTBO ITONIe3HOH HHbOpMAal,
KOTOPOE MOXHO M3Bleub M3 Hero. Jlena:mice MOMBITKH BoCCTaHOBIEHHSA H300paKEeHHA nyTem
KOMIEHCHPOBAHUA JICTPasIallis.

Bripasican n3oBpasikenite paoaKTiIBHOIO H30TOMA B BHIE CBEPTOYHOIO HHTErpaja JeHCTBH-
TCILHOrO  PacmpelesieHusl  Pa/IHOAKTHBHOIO HM30TONEd, € NPOCTPAHCTBEHHbIM PaspeleHnes
H30DpasiTeTHHOI ClCTeMbI, 1§ IPHMCHAS HTCPATHBHbII METO TIPHOTHAKEHHA, DONTYYaeTcH  BoCCTa-
HOBJIeHHOEe  T300paskenue . DHCHCPHMEHTATBHBIL  peayasTaT Ha NpodHIBHOH  pasBepTHe
FULTIOCTPHPYCT MIPHMEHACMOCTE ITOIC METOAA K CHCTEMAM IaIOLIHM H300DpayKeHHe PaTHOaKTHBHOTO
H30TOMA.
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